Abstract. For each d ---1 there is a constant Ca > 0 such that any finite set X c R a contains a subset YcX, IYI<-[~d(d+3)J +1 having the following property: if E = Y is an ellipsoid, then IE nXt-> c~JXl.
Introduction and Results
A nice and recent result of Neumann-Lara and Urrutia [4] states that any finite point-set X in the plane contains two points such that every circle containing these two contains 1.5% of the points of X. This result has been extended to the d-dimensional Euclidean space R d in [1] in the following form: any finite set Xc R d contains a subset Yc X, JYI-< [½(d+3)J such that if Bc R d is a ball with yc B, then IBnxI-calxJ, where ca is a constant depending on d only.
It is also shown in [1] that the bound L½(d+3)J on the size of Y cannot be decreased.
The aim of this paper is to extend the above results to ellipsoids and, more generally, to quadrics in R d. We also hope that our proofs will give insight as to why these properties of points and balls or points and ellipsoids hold.
Before stating our theorems we fix the necessary notation and terminology. We assume that a coordinate system is given in R d so a point xcR d can be written as x = (xl, x2,..., Xd). Let P be a d x d symmetric matrix, p ~ R d and poe R. Then the quadric Q = Q (P, p, po) is the set of points x e R d satisfying xrPx + p rx + po <O.
I. Bhrfiny and D.G. Larman
An ellipsoid is a quadric with P positive definite.
A key step in our proofs is another interpretation of quadrics. Denote the family of all ellipsoids in R a by ~a. Then Theorems 1 and 3 show that t(~2)=3, t(~3)=5, and [~d(d+l)+½J <t(~a) < -[¼d(d+3)J +1. The two authors disagree about which bound is nearer to t(~d).
Proof of Theorem 1
We start with a lemma similar to the one in [4] and [1] . 
We may and do name Y so as to satisfy t YI-< Iz\ Y[. We now claim that Y has the property stated in the lemma. Clearly, ] YI <-½(m + 1). Assume Q is a quadric containing Y, i.e.,
qrv(x)<-O
for xe Y with q coming from (2) . Multiply the last inequality by a(x) and sum for xs Y, then we get, using (3), We mention here that for d = 2 Lemma 4 says that from seven points in the plane we can choose three such that any quadric containing these three contains a fourth. This can be strengthened for ellipsoids (we are not going to give the proof).
Lemma 4'. From six points in the plane we can always choose three so that any ellipsoid containing these three contains a fourth.
The Example Proving Theorem 2
We start with a lemma that follows from the well-known "Descartes' Rule of Signs." Here we give a simple proof.
Lemma 5 (see [3] ). Let S c {0, 1,..
.} be a finite set and assume that the polynomial g(t) =Y~s gd i is not identically zero. Then g has at most (ISI-1) positive roots, counted with multiplicities.
PrOOf. We use an induction argument from [3] . When ISI = 1, the statement is trivial. Assume it has been proved for ISt< s (s>-2) and we are going to prove it for ISI= s. Assume, on the contrary, that g has s positive roots. Set j = rain{i: i ~ S}. 
(8)
This is a system of linear homogeneous equations that has a solution because, by (7), the number of equations, 2k, is just one less than the number of unknowns, IBI. So lets (ie B) be a nontrivial solution to (8). Now f(t) has at least 2k positive roots and, by Lemma 5, it has at most IBt-1 positive roots. So it has exactly k positive roots q,..., tk each with multiplicity 2. Then multiplying with -1 if necessary we assume that f(t)>-0 for t---0. We look for the quadric Q in the form (2)
where q ~ R". We determine q by requiring that
qTV(X(t)) --f(t).
This is possible because the components of v(x(t)) are of the form t a with a e A+Ac B. The quadric Q defined in this way has the required properties: the curve x(t) has a twofold touching with Q at t = ti .... , tk from outside and is disjoint from Q for t>0, t#t~ (i=1 .... ,k).
[] Combining the proofs of Theorems I and 2 we can prove the following theorem. Let ~d denote the family of all sets Fc R d that can be written as
F=(x~ Rd: f(x)<--O},
where f is an at most r-degree polynomial of the variables x~ .... , Xd.
Theorem.
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The Example Proving Theorem 3
This is similar to the previous example. We start with the case d > 3 and set 
xr(t)Px(t) + P rX(t) + Po =--f(t).
From here we get all the off-diagonal entries of P and Pdd and p~, P3, Ps,.-., and Po explicitly, in particular,
Further, we get d -1 equations for the remainder of the unknowns:
We use the freedom for the choice of P~i to ensure that P is positive definite. All we need is the positivity of the determinants Thus the quadric x rPx + p rx + P0 -< 0 defines an ellipsoid E and we finish the proof of the claim the same way as before.
[]
We are left with the cases d = 2, 3. The former is trivial so consider d = 3. The set X will be {x(t): It-11 < n} with ~7 > 0 small where
x(t)=(t 2, t', ts)~ R 3.
Here A = {0, 2, 4, 5} and B = A+A = {0, 2, 4, 5, 6, 7, 8, 9, 10}. First we find a polynomial f(t)=Y.~a fit i that has a zero of multiplicity 8 at t = 1:
f(t) = (t -1)S(go+gd + g2t2).
A suitable solution is go = 1, g~ = 8, g2 = 21. This defines the coefficients f (i ~ B)
explicitly. We find a quadric Q = Q(P, p, po) through the condition with the condition pit+P2 = 210. We choose Pll = 18 688 (or anything larger), then p2 = -18 478, and P is positive definite because its main minors are all positive. Then the quadric Q(P,p, po) is an ellipsoid E that has an eightfold touching with the curve x(t) at t = 1 from outside.
xr ( t)Px( t) + prx( t) + po=-f( t).
Since the numbers and results are stable under a small perturbation, there exists r/>0 such that if h, 12, t3, t4 are chosen within 77 of t= 1, then there is an ellipsoid E that has a twofold touching with x(t) at t=t, i=1,2,3,4.
Moreover, it follows that E c~ {x(t): It-11 < ~7) = {x(ti): i = 1, 2, 3, 4}.
